Stokes and Darwin drift, for irrotational waves and flow past rigid bodies, are analysed in a general framework and shown to be fundamentally the same thing.
Introduction
The terms Stokes drift and Darwin drift traditionally refer to the net displacement of fluid particles in irrotational flow due, respectively, to the passage of periodic waves and single bodies. They are well known in fluid mechanics and form part of the conceptual background to a variety of practically important problems. That they are intimately related to each other must have occurred to many workers in fluid mechanics, but, to our knowledge, the point has never been clearly put on record. We do so here, with the simplest means, noting also the generalizations to Darcy flow in porous media, to strongly stratified flow and to sound waves.
Stokes [9] showed that the passage of strictly irrotational, periodic surface gravity waves in an infinitely deep fluid causes fluid particles to be permanently and increasingly displaced in the direction in which the waves are propagating, in addition to travelling in almost circular trajectories. Ursell [10] examined the corresponding phenomenon in a finite depth of water. Longuet-Higgins [7, 8] analysed experimentally, as well as theoretically, the motion of fluid particles due to the passage of solitary waves and gravity waves in order to gain insight into the motion of buoys and to gain a better understanding of the relation between Lagrangian and Eulerian probe measurements of the structure of waves in problems of significance, for example, in coastal engineering.
Darwin [3] analysed the displacement of fluid particles due to the passage of a single rigid body and showed that, even for strictly irrotational flow, the fluid particles are permanently displaced in the positive direction, meaning the direction in which the body travels. In addition, Darwin showed that the drift volume, defined as the volume swept out by a material surface spanning the fluid domain and lying across the direction of the motion, is related to the kinetic energy of the fluid and hence to the added mass of the body. The permanent positive displacement of the particles due to the solid body is generally referred to as the 'Darwin drift'. Darwin's concept of drift is useful for two reasons. First, it may be applied directly to gain insight into fluid transport in a number of environmental flows, for example, by bubbles or by coherent vortical structures surrounded by relatively weak vorticity or potential vorticity fields [1, 2, 5] . Secondly, the Darwin drift may be used to calculate the disturbance generated by a coherent structure moving in a weakly sheared flow, by deforming the vortex lines or potential-vorticity contours of that flow [6] . Potential vorticity is relevant in cases of layerwise-two-dimensional stratified flow at low Froude number, important in some environmental pollution-transport problems [5] . Recently, Yih [11] calculated the drift volume associated with the Stokes drift of periodic water waves. However, the connection between Stokes and Darwin drift was not made; this provides additional motivation for the present note.
The connection between the Stokes and Darwin drift can be seen immediately if we consider the passage of a series of several rigid bodies towed through an irrotational fluid, a string of pearls for instance, and compare it to the passage of a wave packet of several wave crests (Fig. 1 ).
Mathematical formulation
To show the connection mathematically, consider the motion of a fluid particle in the frame in which the fluid is at rest at infinity, henceforth referred to as the fluid frame of reference. The velocity potential describing the flow in the fluid frame of reference is Φ(x, t) = Φ(x, y, z, t) in three dimensions; two-dimensional or layerwise two-dimensional cases are obtained by ignoring y or z. The velocity disturbance due to the body or wavetrain propagates, without change of form, along the x-axis with speed U (t). The component of fluid velocity parallel to the direction of propagation of the disturbance is the gradient of Φ in the x-direction:
where D/Dt is the material derivative. Since the disturbance is travelling with speed U (t), the horizontal gradient is proportional to the local rate of change:
However, the local rate of change can be written as the difference between the material rate of change, i.e. rate of change moving with the fluid particle, and the advective contribution to that rate of change:
Concatenating the three equations, we see that the x-component of velocity in the fluid frame is
The x-component X(a, t) of Lagrangian displacement X(a, t) of a fluid particle is
where integration following the particle is understood, and a = (a, b, c) is a Lagrangian particle label chosen for convenience so that X(a, 0) = a. This expression is identical to that derived by Eames et al. [4] : the first term describes the Darwin drift -the permanent positive-definite displacement due to a single body -and the second term describes the reflux, which is negative in a channel or other domain where zero total mass flux is imposed. Though (5) is highly implicit, with all three components of X(a, t) entering Φ(x, t)| x=X(a,t) on the right, Lagrangian summation of (5) over all initial positions b and c recovers Darwin's added-mass result. Furthermore, the same result (5) evidently applies also to situations like those of Fig. 1 and to their periodic limits. For instance, a periodic disturbance of time period T , whether due to an infinite string of pearls or to an infinite train of surface gravity waves, travelling with a constant speed U , produces during each period the horizontal displacement
Stokes [9] and Ursell [10] considered cases that are reflux-free, so that [Φ]
T 0 = 0, in other words cases with zero Eulerian-mean flow. The horizontal Stokes drift velocity v S , is then the only contribution to the mean velocity and is therefore given by
This expression is exact for all periodic, irrotational waves, though still implicit. When the wave amplitude is small, however, |∇Φ| 2 on the right can be explicitly evaluated to leading order from linear theory. If, in addition, the water depth is large, then to leading order |∇Φ| becomes constant on the particle orbits and the Stokes drift velocity tends to v S ≈ |∇Φ| 2 /U , with no need for time averaging. The above analysis shows how the Stokes and Darwin drift in irrotational flows are intimately related. Fluid displacement results from the right-hand side of (2) being equatable, via (3), to two contributions: first, minus the material rate of change of U (t) −1 times the velocity potential and second, the advective rate of change of U (t)
times the velocity potential. The Stokes and Darwin drift result from the second of these, the advective contribution to the rate of change of the velocity potential, which is always positive. Besides water waves, there are a number of other flows that are either threedimensionally, or layerwise two-dimensionally, irrotational, such as Darcy flows in homogeneous isotropic porous media, layerwise two-dimensional vortex pairs in strongly stratified flow and sound waves. Consequently, the general result (5) also applies there; note that the condition of incompressibility was never used.
